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Abstract. We establish two general theorems on the local properties of the 
absolute summability of factored Fourier series by applying a recently defined 
absolute summability, \A, ct n \ k summability, and the class S (ct n , 4> n ), which 
generalize some well known results and can be applied to improve many clas- 
sical absolute summability methods. 



1. Introduction 

Let A := (a n k) be a lower triangular matrix and {s„} the partial sums of ^ a n . 
Let {a n } be a nonnegative sequence, then the series ^ a n is said to be summable 
\A,a n \ k ,k>l, if (see Q!) 

OO 

^2 a n \ A n - A n _x| < oo, 



n=l 



where 



An • — ^ QnvSv 



In particular, if a n — n , then | A, a n \ k —summability reduces to the \A\ k - 
summability (see [TT]) . Let A be the Cesaro matrices C := (c nv ) of order a, that 



where 



Aa-l 
n — v p. -i 

A„ 



r(a + l)r(n + l)' 

When a n = n Sk+k ~ 1 , k > 1, S > 0, \A, a n \ k —summability is usually called \C, a, S\ k - 
summability. Therefore, a series ^ a n is said to be summable |C, a, S\ k , k > 1, a > 
-1, if (see |U) 



n=l 

where 



/la A J 
J=0 " 
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For any positive sequence {p n } such that P n = po + p% + ■ ■ • + p n — > oo, the 
corresponding Riesz matrix R has the entries 

Pv 



. „ =0, l,--- ,n, n = 0,1,2,- 



Taking a « ~ ( p J an d «n = n <5fe+fc ~ 1 , we get two special absolute summa- 

bility, |iV,p n ,<5| fc summability and \R,p n ,S\ k summability, of \R,a n \ k summability, 
respectively. In particular, if np n X P n , then JV,p n , 5|, summability and |JJ,p n , <5| fc 
summability are equivalent. See [2] and [3] for more details on |iV,p n ,5|, summa- 
bility and \R,p n ,5\ k summability. 

One can find more examples of \A, ot n \h —summability for different weight se- 
quences {«„} and different summability matrices A discussed in many papers, see 
0, |3], [§], [10], and [E] for examples. 

Let / be a function with period 27r, integrable (L) over (— it, n). Without loss of 
generality we may assume that the constant term in the Fourier series of / (t) is 
zero, so that 



/71 
-1 



f(t)dt = 

J —71 

and 

oo oo 

/ (t) ~ 2_. ( a n cos nt + b n sin nt) = J^Cn (t) ■ 

n—l n—1 

It is well known that (see [18]) the convergence of the Fourier series at t = x is a 
local property of the generating function / (t) (i.e., it depends only on the behavior 
of / in a arbitrarily small neighborhood of x), and hence the summability of the 
Fourier series at t — x by any regular linear summability method is also a local 
property of the generating function / (t) . 

In 1939, Bosanquet and Kestleman ([5]) showed that even the summability |C, 1| 
of the Fourier series at a point is not a local property of /. Mohanty ([UJ) subse- 
quently observed that the summability \R, \ogn, 1| of the factored series 

5^C„(t)/log(n+l), 

at any point is a local property of /, whereas the summability |C, 1 of this series is 
not. Several generalizations of Mohanty's result have been made by many authors, 
for examples, see, Bhatt ([]]), Bor ([3]-[5]), Borwein ([7]), Sarigol (|14J. [15]). etc. 

For any lower triangular matrix A, associated it with two lower triangular ma- 
trices A and A defined by 

n 

a nv = a nr , v = 0, 1, 2, • • • , n and n = 0, 1, 2, • • • , 

r—v 

and 

Qnv — &nv &n— 1,1^) ^ — 0, 1, • • • ,71 1, Tl — 1, 2, 3, ' • ■ . dnn — &nn = &ran- 

Sarigol (|15|) proved the following theorem: 

Theorem A. Let A be a lower triangular matrix with nonnegative entries satisfying 

(i) a n -i, v > a nv for n > v + 1, 

(ii) a n0 = 1, n = 0, 1, • • • , 
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( m ) 5Z«=i = O (a nn ) , 

(iv) AA„ = O (i) , X n = K,^ 1 , n = 1, 2, • • • , X = 0. 
-tf {^n} fooZds /or £/ie following conditions, 

( vi ) Y%Li (Mw) 1 ^AA W < oo, 

( Vii ) Y,n=v+1 f 9 ""™)'" 1 |Ao„ ll(+ l| = 

and 



fe-l A* l I In \fc-l 



oo //i 1^ r\ ( I n \h—\ 



viii ) En=t>+1 (0« a «.n) ffln,«+l = O I l w r" 



i/ien Z/ie summability of \A, 9* 1 L , /c > 1, of the series ^ \ n X n C n (t) ai any point 
is a local property of f, where {A„} is a convex sequence such that ^n _1 A„ is 
convergent. 

Theorem A generalized some well known results on the local property of summa- 
bility of factored Fourier series. Although, there are some matrices satisfying the 
conditions in Theorem A, a Cesaro's matrix may not satisfy all the conditions (i)- 
(iii). In fact, (ii) and (iii) do not hold for any a > 1 or a < 1. Furthermore, Rhaly's 
generalized Cesaro matrices and the p— Cesaro matrices do not satisfy the condi- 
tions of Theorem A neither (see Section 3 for the definitions of Rhaly's generalized 
Cesaro matrices and the p— Cesaro matrices). 

In the present paper, we establish a new factor theorem which generalizes The- 
orem A, and can be applied to many well known matrices, including the ones 
mentioned above. We need the following class of matrices, S (a n , <p n ) , which is 
recently introduced by Yu and Zhou (|20]): 

Definition 1. Let {a n } , {4> n } be sequences of positive numbers. We say that 
a lower triangular matrix A :— (a„fe) E S(a n ,(j) n ), if it satisfies the following 
conditions 

71-1 

J2\&iani\=0((t> n ); (Tl) 
\a ni \ =0(> n ), * = 0, 1, • • • ,n; (T2) 

OO 

^ OL n (j>^ 1 |AjOnj| = O {oci4>\) ; (T3) 

n—i-\-l 

oo 

]T a^t 1 =0(a i $- 1 )- (T4) 

n—i+l 

Our main results are the following: 

Theorem 1. Let {a n } , and {4> n \ be sequences of positive numbers. Let {A„} € BV 
be a sequence of complex number)^ such that A, i+ i = O (|A„|) for n = 1, 2, • • • , and 

(A)En= ^n<f> k n X^\X k n \ <0O, 
_ r^E^O^-^IAAnKoO. 

If A G S (a n , 4> n ) satisfies 

n 

\avva n ,v+i\ = O (<Pn) , (1-1) 

w=0 



^We say a sequence of complex numbers {A„} S BV, if !AA n [ < 00 • 
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AX„ = (<£„), X n = (1.2) 

i/ien i/ie summability of \ A, a n \ k for k > 1, o/ i/ie series C n (f) A n X n a£ any point 
is a local property of f. 



Remark 1. The restrictions of {A„} in Theorem A are relaxed in Theorem 1 to 
the simple conditions that {A„} £ BV and A„+i = O (|A n |) , which obviously hold 
when {A n } is a convex sequence such that ^ n~ 1 \ n is convergent. 

Theorem 2. TTie result of Theorem 1 also holds when 11. 1]) and \1.2i) are replaced 
by 

n 

^ |ffln,c+l^c| = O (4>n) , (1-3) 

AX n = 0(n- 1 ), X n = -^-,n = l,2,---,X = 0, (1.4) 



Remark 2. If the matrix A satisfies the condition a„o = 1, n = 0, 1, • ■ • , then 
the indexes of the summations in (A), (B), (jl.ip and (|1.3|) only need to run from 1 
instead of 0, which can be observed in the proofs of the theorems. 

Remark 3. Let <f> n :— a nn ,a n — O^" 1 ■ If the matrix A satisfies the conditions in 
Theorem A, then we can easily have that A G S (a n , <j> n ) . That is, Theorem A can 
be regarded as a corollary of Theorem 2. 

We prove the theorems in Section 2. In Section 3, we show that some well 
known matrices such as Cesaro's matrices, Rhaly's generalized Cesaro matrices, 
the p— Cesaro matrices, and Riesz's matrices are in S(a n ,4> n ) for some certain 
sequences {a n } and {4> n } , and then derive some new theorems on the local property 
of some factored Fourier series, as applications of the above theorems. 



2. Proofs of the Main Results 

We prove Theorem 1 in this section. The proof of Theorem 2 is similar. 

The behavior of the Fourier series, as far as convergence is concerned, at a 
particular value of x, depends on the behavior of the function in the immediate 
neighborhood of this point only. Therefore, in order to prove the theorem, it is 
sufficient to prove that if {s n } is bounded, then under the conditions of Theorem 
1, ^2a n \ n X n is summable |A,o; n | fc , k > 1. Let T n be the n— th term of the 
A— transform of ^27=0 ^i a i^i- Then 

n v n n n 

T n = 7 Q<nv / (Li^iXi = 7 CLiX^Xi 7 CL nv — 7 OniQi 

AjXj. 



Thus, 

n n— 1 



7n — T n -\ — y ' a n iCii\iXi — y ' a n -i^a,i\iXi 

n n 

= y y a n iai\Xi = ^ ' a n i\{Xi (si — Si_i) 

n-1 

= {0"ni\Xi — a rly i + i\i + iXi + i) Si + a nn X n s n X n 

i=0 

n—1 n—1 n—1 

= '^^a n ,i + iA\iX i s i + ^ a n j + i\ i+ iAXiSi + {\a n i) AjXjSj 

i=0 i=0 i=0 

=: T„i + T„ 2 + T n3 + T n &. 
Therefore, it is sufficient to prove that 

oo 

ot-n | fc < °o, for £ = 1, 2, 3, 4. (2.1) 

n=l 

Applying Holder's inequality, we have 

m+l m+l /n—1 



^ a„ |T nl | fc = 0(1) ^ a„ ^ |a„, i+1 | |AA 4 | 

n=l n=l \i=0 / 

m+l /n-1 \ /n-1 \ 

= 0(1)^ E 1**1 i aa *i E i^+ii i aa *i • 



n=l \i=0 

Since {A„} G BF, we have 

n-1 



|a„,i+i| |AAi| = O(0„) , 



i=0 

by (T2). Hence 

rn+1 m+l n—1 



« n \T n i\ k = o a) e E i^ fe i i aa *i 

n—1 n—1 i— 

m m+l 



i—O n— z+1 



Ot^Oi^lXfllAAil^tl), (2.2) 



i=0 

by (T3), and (B) of Theorem 1. 



It follows from (fTT2|) that AXi = O (a u Xi) . Then by Holder's inequality, (fTTj) 
and condition (A) of the Theorem 1, we have 

k 



m+l m+l /n—l 

n—l n—l \i—0 

m+l /n-1 \ 

= O (1) ^ a„ E |a n ,i+iAiaijXi| 



n=l \i=0 / 

m+l /n-1 \ /n-1 \ ' c_1 

= 0(1) a„ E |a n ,i+iOii| | A* | E \a n ,i+iau\ 

n=l \i=0 / \i=0 / 

m+l /n-1 \ 

= O (1) £ a^" 1 ^ K,i+^u\ \^\ 

n=l \i=0 / 

rn m+l 



0(1)^1^11^11^1 E ^Kwl 

i=0 n— i+1 

rn 

O^E^n" 1 | A *II X *|M 



i=0 



= 0(1)E^„|A£||X*| =0(1), 

i=0 

where we also used the fact that a nn — a nn — O (<f> n ) > which follows from (T2). 
By (Tl), (T3) and condition (A), we have 

m+l m+l /n-1 \ k 

E a n \T n3 \ k = 0(1)E«« E lAan.i+iAiXil 

n=l n=l \i=0 / 

m+l /n-1 \ /n-1 \ fe_1 

= 0(1) E «» E l A «'M+ll |A?| |Af| E l A ^+l| 
n=l \i=o / Vi=o / 

m + l n—l 
= 0(1) E "r^n" 1 E l A ^+l| K'l |**| 



n=l i=0 
m m+l 

= 0(l)E|Ai| \X?\ E ""^T 1 |Aa„,i+i| 

2= n— 2+1 

m 

= 0(l)E«^i|A l fc ||^|=0(l)- (2.3) 

i=0 

By using a„„ = O (</> n ) again, we have 

m+l m+l 

]Ta„|T„ 4 | fe = 0(l)E 

n—l n—l 
m+l 



0(l)E«^n|A„||A^| 



0(1). (2.4) 
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Combining (l2T2")) - (f2l| , we have (|2"7[) . This proves Theorem 1. 



3. Applications of The Theorems 

3.1. Cesaro's Matrices. We will use the following formula often in the proofs 
(see [H] for proof, for example): 

^ = r^TT)( 1 + (3))- M 

In this subsection, we set 

f n _1 , a > 1 

^ o:=1 ' " := \ ^ = c„ n , 0<a<l, «=1.2,---. 

By (|3.1|) . we see that 



»-", < a < 1, n ~ 1 ' 2 '"' ■ 

Recall that a nonnegative sequence {a n } is said to be almost decreasing, if there 
is a positive constant K such that 

a n > Ka m 

holds for all n < m, and it is said to be quasi- /3-power decreasing, if {n^a„} is 
almost decreasing. 

It should be noted that every decreasing sequence is an almost decreasing se- 
quence, and every almost decreasing sequence is a quasi- /3-power decreasing se- 
quence for any non-positive index /3, but the converse is not true. 

Lemma 1. ([20\)Let a > 0, and let {a„ } be a sequence of positive numbers. If 
{arat/)^ -1 ^" 1 } is quasi-e -power decreasing for some e > 0, then Cg5 (a„, </>„) . 

A direct calculation leads to 



1 " 

Aa n—3 

n 3^ 


1 n— 1 

4" n-X-j 


Aa Aa 
A n-i A n-X- 


„■ Aa-X 
i _ lJ± n-i 


Aa Aa 


nA% • 



Thus, for < a < 1, 



n / 1 \ ™ 

v=0 V / «=1 1 



Similarly, for a > 1, 



O(0„). (3.2) 

n 1 

E- |c„.„+i| = O ((/>„) . (3.3) 
77 



-u=l 



Now set 




< a < 1, 
a > 1. 



Then X n satisfies (|1.2[) and (|1.4[) for < a < 1 and a > 1 respectively. Now, 
applying Lemma 1, (|3 . 2[) . (|3.3p . Theorem 1 and Theorem 2, we have the following 

Theorem 3. Let a > 0, {a„j 6e sequences of positive numbers. Let {A„} £ BV 
be a sequence of complex numbers such that \ n +\ = O (|A n |) /or n = 1, 2, • • • , and 
( a ) E~=l"n^ | A* | < 00, 

WE^i^-MAAnl <oo. 

{o-tiyZi lfl 1 } * s Quasi-e -power decreasing, then the summability of \C, a n \ k for 
k > 1, o/ £/ie series ^2 C n (t) X n at any point is a local property of f. 

As examples, we give two corollaries of Theorem 3. 

Corollary 1. Let {A„} £ BV be a sequence of complex numbers such that A Jl+ i = 
O (|An|) for n = 1, 2, • • • , and 

(c) J2Zx^ k - 1 log'n\X k n \<oo, 

(d) EZi^ Sk ^n\AX n \<^, 

then the summability of |C, n Sk+k ~ 1 log 7 n| fc , for a > 1, 7 £ J?, /c > 1 and < <5 < 
0/ i/ie series ^ C„ (i) A„ a£ any point is a local property of f. 

Proof. Let a„ = n Sk+k ~ 1 log 1 n, n = 1, 2, ■ • • , ao = 1. Since a > 1, then </>„ = n -1 . 
It is then obvious that (c) implies (a) , and (d) implies (b) . From the condition that 
< S < i, we see that there exists an e > such that 6k — 1 + £ < 0, and thus 
{n Sk ~ 1+£ log 7 n} is quasi decreasing for 7 £ 1. In other words, {a. n <t>^ x n~ 1 } is 
quasi-e-power decreasing. Therefore, by Theorem 3, we have Corollary 1. □ 

Corollary 2. Let {A„} £ BV be a sequence of complex numbers such that A n +i 
O (|A„|) for n = 1,2, - ■ ■ , and 

(<*) Ei^X* +(1 ~ ' ) *~ 1 l°g r n|A*| < 00. 

W E„=i n^+C 1 -^*-!) bg 7 nl„ |AA„| < 00, 
then the summability of |C, n Sk+k ~ 1 log 7 n| fe , for < a < 1, 7 6 ij, fc > 1 and 

series ^ C„ (i) A n af any poini is a /oca/ property of f. 

Proof. Note that 0„ = n _Q for < a < 1. Then the proof of Corollary 2 is similar 
to that of Corollary 1. □ 

3.2. Rhaly's Generalized Cesaro Matrices. Let D be the Rhaly generalized 
Cesaro matrix (see [12J), that is, D has entries of the form d n k — t n ~ k / (n + 1) , k — 
0, 1, • • • , n, n = 1, 2, • • • . When t = 1, the Rhaly generalized Cesaro matrix reduces 
to the Cesaro matrix of order 1. We shall restrict our attention to < t < 1. In this 
case, D does not satisfy condition (ii) of Theorem A. It is routine to deduce that 



Set 



n-\n = 1,2,' 



1 - t 



By (pO)) , we have 



n+l 



1-f 



nt n - v (1 - t) 



= O 



(1 - *) n (n + 1) 
1 nt™-" 



n (n + 1) n (n + 1) 



Thus 



u=0 ^ ' 11=1 ^ ' 11 = 1 



(3.5) 



Lemma 2. ([20\)Let < t < 1, and {a„} &e a sequences of positive numbers. If 



{ 



Afc-1„ 



_1 } is quasi-e— power decreasing for some e > 0, i/ien D £ S {a n ,<p n ) . 



Now set 



-Xn — 



1 



Then A„ = O (1) and AX n = O (0 n ) . Therefore, by Lemma 2, (|3.5p and Theorem 
1, we have 

Theorem 4. Le£ < t < 1 and let {a n } be a sequence of positive numbers. Assume 
that {A ra } £ By is a sequence of complex numbers such that X n +i = 0(|A n |) for 
n= 1,2, ••• , and (04^, (Bj in Theorem 1 hold. If {a n ^ _1 n -1 } is quasi-e -power 
decreasing for some e > 0, i/ien i/ie summability of \D, a n \ k for k > 1, o/ </ie series 
^2 C n (t) ^^-\ n at any point is a local property of f. 

Obviously, we can also have a corollary of Theorem 3 that is similar to Corollary 
1. We omit the details here. 

3.3. p— Cesaro Matrices. Let E be the p— Cesaro matrix (see [13]), that is, the 
entries of E has the form e n i = 1/ (n + l) p , i = 0, 1, • • • , n, n = 1, 2, • • • . When 
p = 1, the p— Cesaro matrix reduces to the Cesaro matrix of order 1 again. Also, E 
does not satisfy condition (ii) of Theorem A. We restrict our attention to the case 
when 1 < p < 2. 

Set </) = 1, <p n = n-P, n = 1, 2, • • ■ . Then 

n — i + 1 fn — i) 



(n+lf 



and 

By (|3.6p , we have 



1 



(n+ If 



nP 



= {n - l) {j^-^) + ^hr = ° {(t>n) - 



(3.6) 
(3.7) 

(3.8) 



Now set X n — -S 2 -. Then direct calculations yield that 

AXn = O (n- 2 ) = 0{4> n ), 1< p < 2, 



and 

n 



/ 1 O (0n) • 

v=l 



Lemma 3. (\2Q\)Let p > 1 and {a„} 6e a sequences of positive numbers. If 
{a ra (/)Jij _1 n _1 } is quasi-s-power decreasing for some e > smc/i t/iat p — 2 + e > 0, 
£/ien D £ S {a n ,4> n ) . 

Therefore, we have 

Theorem 5. Let I < p < 2 and let {a n } be a sequence of positive numbers. Assume 
that {A ra } £ BV is a sequence of complex numbers such that \„+i = 0(|A n |) for 
n= 1,2,- •■ , and (A), (B) in Theorem 1 hold. If {a ra </()^ _1 n _1 } is quasi-e -power 
decreasing for some e > such that p — 2 + e > 0, then the summability of \E,a n \ k 
for k > 1, of the series ^ C„ (t) X n X n at any point is a local property of f. 

3.4. Riesz's matrices. We firstly establish a general result, then apply it to the 
Riesz's matrices. 

Lemma 4. (\2i)\ ) Let A be a lower triangular matrix with nonnegative entries, and 
{a„} be a sequence of positive numbers. If 

(I) a n0 = 1, n = 0, 1, • • • , 

(II) On-i.c > a™ for n > t> + 1, 

(III) na nn = 0(l), 

(IV) Er? =t ,+i a n n- fc+1 lA^I = O (a v a vv v- k+1 ) , 

(V) En=v+i a n n- k+1 a n , v+1 = O (a v v~ k+1 ) , 
then A G S (a n ,n _1 ) . 

Now, by setting 0o = Ij-^o = 0, n := n _1 ,X n = (n(/> n ) , n = 1,2, •■• , and 
applying Theorem 2, we have 

Theorem 6. Let {a n } be a sequence of positive numbers, and let A be a lower 
triangular matrix with nonnegative entries satisfying conditions (I)-(V) of Lemma 
4- Assume that {A„} S BV is a sequence of complex numbers such that A n +i = 
O (|A„|) for n = 1, 2, • • • , and (Aj, (BJ m Theorem 1 hold. If QJ$ and (T^ hold, 
then the summability of |A, a n \ k for k > 1, of the series ^ C n (t) X n X n at any point 
is a local property of f. 

We now show that under some necessary conditions, Riesz matrix R satisfies all 
the conditions in Lemma 4. For any positive sequence {p n } such that P n = p$ + 
Pi + ■ ■ ■ +p n — > oo, the corresponding Riesz matrix R has the entries r nv := -pr-, v = 
0, 1, • • • , n; n = 0, 1, 2, • • • . Now obviously, we have r„o = 1 and r„_i _ v > r nv for 
n > v + 1. Direct calculations yield that (set P_i = 0) 

Pv-iPn 



and 

So if np n = O (P n ) and 

m+l 



(3.9) 



|A„f n „| = ^^. (3.10) 

*7l Ml — 1 



£ * n n- k+1 -^- = O (a v v-^P,-i) , (3.11) 

±n J n — 1 



n—v-\-l 
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then R satisfies all conditions in Lemma 4. 
Thus, we have (note that X n := (n</>„) _1 ) 

Theorem 7. Let {p n } be a positive sequence satisfying P n — > oo, np n = 0{P n ) 
and \3.11\l . Assume that {A„} € BV is a sequence of complex numbers such that 
A n +i = 0(|A„|) for n = 1,2,- •• , and (A), (B) in Theorem 1 hold. If hl.3\) and 
\l-4\) hold, then the summability of \R, a n \ k for k > 1, of the series ^2 C n (t) X n X n 
at any point is a local property of f. 
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